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Abstract
The aim of this paper is to develop a Hamilton–Jacobi theory for
contact Hamiltonian systems. We find several forms for a suitable
Hamilton-Jacobi equation accordingly to the Hamiltonian and the evo-
lution vector fields for a given Hamiltonian function. We also analyze
the corresponding formulation on the symplectification of the contact
Hamiltonian system, and establish the relations between these two
approaches. In the last section, some examples are discussed.
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1 Introduction
The Hamilton–Jacobi equation is an alternative formulation of classical me-
chanics, equivalent to other formulations such as Lagrangian and Hamilto-
nian mechanics. The Hamilton–Jacobi equation is particularly useful in iden-
tifying conserved quantities for mechanical systems, which may be possible
even when the mechanical problem itself cannot be solved completely.
The Hamilton-Jacobi equation has been extensively studied in the case of
symplectic Hamiltonian systems, more specifically, for Hamiltonian functions
H defined in the cotangent fiber space T ∗Q of the configuration space Q. The
Hamiltonian vector field is obtained by the equation
iXH ωQ = dH
where ωQ is the canonical symplectic form on T ∗Q. As we know, bundle






















for some E ∈ R. The above equation (1) is called the Hamilton-Jacobi
equation for H . Of course, one easily see that (1) can be written as follows
d(H ◦ dS) = 0, (2)
which opens the possibility to consider general 1-forms on Q (considered as
sections of the cotangent bundle πQ : T ∗Q −→ Q).
Recently, the observation that given such a section γ : Q −→ T ∗Q permits
to relate XH with its projection X
γ
H via γ onto Q, in the sense that X
γ
H and
XH are γ-related if and only if (2) holds, provided that γ be closed (or, equiv-
alently, its image be a Lagrangian submanifold of (T ∗Q, ωQ)) has opened the
possibility to discuss the Hamilton-Jacobi problem in many other scenarios:
nonholonomic systems, multisymplectic mechanics, time-dependent mechan-
ics, among others.
In [13] we have started the extension of the Hamilton-Jacobi theory for
contact Hamiltonian systems (see also [14]). Let us recall that a contact
Hamilton system is defined by a Hamiltonian function on a contact manifold,
in our case, the extended cotangent bundle T ∗Q × R equipped with the
canonical contact form ηQ = dz−θQ, where z is a global coordinate in R and
θQ the Liouville form on T ∗Q, with the obvious identifications.
Contact Hamiltonian systems are widely used in many fields of Physics,
like thermodynamics, dissipative systems, cosmology, and even in Biology
(the so-called neurogeometry). The corresponding Hamilton equations were
obtained in 1940 by G. Herglotz using a variational principle that extends the
usual one of Hamilton, but they can be alternatively derived using contact
geometry.
The goal of this paper is to continue the study of the Hamilton-Jacobi
problem in the contact context, using the two vector fields associated to the
Hamiltonian H :














































We notice that the Hamilton-Jacobi problem has been treated by other
authors [7, 21], who establish a relationship between the Herglotz variational
3
principle and the Hamilton-Jacobi equation, although their interests are an-
alytical rather than geometrical
The content of the paper is as follows. Section 2 is devoted to introduce
the main ingredients of contact manifolds and contact Hamiltonian systems
as well as the interpretation of a contact manifold as a Jacobi structure. In
Section 3 we discuss the different types of submanifolds of a contact manifold.
Section 4 is the main part of the paper; there, we discuss the Hamilton-Jacobi
problem for a contact Hamiltonian vector field as well as for the corresponding
evolution vector field. The results are more involved than in the case of
symplectic Hamiltonian systems due to the different possibilities that may
occur. In Section 5 we study the relations of the Hamilton-Jacobi problem
for a contact Hamiltonian systems and its symplectification. Finally, some
examples are discussed in Section 6.
2 Contact Hamiltonian systems
2.1 Contact manifolds
Consider a contact manifold [8, 9, 5] (M, η) with contact form η; this means
that η ∧ dηn 6= 0 and M has odd dimension 2n + 1. Then, there exists a
unique vector field R (called Reeb vector field) such that
iR dη = 0 , iR η = 1
There is a Darboux theorem for contact manifolds (see [16, 24]) so that
around each point in M one can find local coordinates (called Darboux co-
ordinates) (qi, pi, z) such that






The contact structure gives rise to an isomorphism between tangent vec-
tors and covectors. For each x ∈ M ,
♭̄ : TxM → T
∗
xM
v 7→ ivdη + η(v)η.
Similarly, we obtain a vector bundle isomorphism
TM −→ T ∗M
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over M .
We will also denote by ♭̄ : X(M) → Ω1(M) the corresponding isomor-
phism of C∞(M)-modules between vector fields and 1-forms over M ; ♯ will
denote the inverse of ♭̄.
Therefore, we have that
♭̄(R) = η,
so that, in this sense, R is the dual object of η.
For a Hamiltonian function H on M we define the Hamiltonian vector
field XH by
♭̄(XH) = dH − (R(H) +H) η























































In addition to the Hamiltonian vector field XH associated to a Hamilto-
nian function H , there is another relevant vector field, called evolution vector
field defined by
EH = XH +HR














































Remark 1. The evolution vector field plays a relevant role in the geometric
description of thermodynamics (see [26, 27]).
Given a contact 2n + 1 dimensional manifold (M, η), we can consider
the following distributions on M , that we will call vertical and horizontal
distribution, respectively:
H = ker η,
V = ker dη.
We have a Withney sum decomposition
TM = H⊕ V,
and, at each point x ∈ M :
TxM = Hx ⊕ Vx.
We will denote by πH and πV the projections onto these subspaces. We notice
that dimH = 2n and dimV = 1, and that (dη)|H is non-degenerate and V is
generated by the Reeb vector field R.
Definition 1. 1. A diffeomorphism between two contact manifolds F :
(M, η) → (N, ξ) is a contactomorphism if
F ∗ξ = η.
2. A diffeomorphism F : (M, η) → (N, ξ) is a conformal contactomor-
phism if there exist a nowhere zero function f ∈ C∞(M) such that
F ∗ξ = fη.
3. A vector field X ∈ X(M) is an infinitesimal contactomorphism (respec-
tively infinitesimal conformal contactomorphism) if its flow φt consists
of contactomorphisms (resp. conformal contactomorphisms).
Therefore, we have
Proposition 1. 1. A vector field X is an infinitesimal contactomorphism
if and only if
LXη = 0.
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2. X is an infinitesimal conformal contactomorphism if and only if there
exists g ∈ C∞(M) such that
LXη = gη.
In this case, we say that (g,X) is an infinitesimal conformal contacto-
morphism.
If (M, η) is a (2n + 1)-dimensional contact manifold and take Darboux
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2.2 Contact manifolds as Jacobi structures
Definition 2. A Jacobi manifold [22, 25, 24] is a triple (M,Λ, E), where Λ
is a bivector field (a skew-symmetric contravariant 2-tensor field) and E ∈
X(M) is a vector field, so that the following identities are satisfied:
[Λ,Λ] = 2E ∧ Λ , LEΛ = [E,Λ] = 0,
where [·, ·] is the Schouten–Nijenhuis bracket.
Given a Jacobi manifold (M,Λ, E), we define the Jacobi bracket :
{·, ·} : C∞(M)× C∞(M) 7→ R,
(f, g) 7→ {f, g},
where
{f, g} = Λ(df, dg) + fE(g)− gE(f).
7
This bracket is bilinear, antisymmetric, and satisfies the Jacobi identity.
Furthermore, it fulfills the weak Leibniz rule:
supp({f, g}) ⊆ supp(f) ∩ supp(g).
That is, (C∞(M), {·, ·}) is a local Lie algebra in the sense of Kirillov.
Conversely, given a local Lie algebra (C∞(M), {·, ·}), we can find a Ja-
cobi structure on M such that the Jacobi bracket coincides with the algebra
bracket.
Remark 2. The weak Leibniz rule is equivalent to this identity:
{f, gh} = g{f, h}+ h{f, g}+ ghE(f)
Given a contact manifold (M, η) we can define the associated Jacobi struc-
ture (M,Λ, E) by
Λ(α, β) = −dη(♯α, ♯β), E = −R,
where ♯ = ♭̄−1. For an arbitrary function f on M we can prove that the
Hamiltonian vector field Xf with respect to the contact structure η coincides
with the one defined by its associated Jacobi structure, say
Xf = ♯Λ(df)− fR
where ♯Λ is the vector bundle morphism from tangent covectors to tangent
vectors defined by Λ, i.e.
< ♯Λ(α), β >= Λ(α, β),
for all covectors α and β.
3 Submanifolds
As in the case of symplectic manifolds, we can consider several interesting
types of submanifolds of a contact manifold (M, η). To define them, we will
use the following notion of complement for contact structures [8]:
Let (M, η) be a contact manifold and x ∈ M . Let ∆x ⊂ TxM be a linear





o = {αx ∈ T
∗
xM | αx(∆x) = 0} is the annihilator.
We extend this definition for distributions ∆ ⊆ TM by taking the com-
plement pointwise in each tangent space.
Here, Λ is the associated 2-tensor according to the previous section.
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Definition 3. Let N ⊆ M be a submanifold. We say that N is:
• Isotropic if TN ⊆ TN⊥Λ.
• Coisotropic if TN ⊇ TN⊥Λ.
• Legendrian or Legendre if TN = TN⊥Λ .
The coisotropic condition can be written in local coordinates as follows.
Let N ⊆ M be a k-dimensional manifold given locally by the zero set of
functions φa : U → R, with a ∈ {1, . . . , k}.
We have that
TN⊥λ =< Za | a = 1, . . . , k >
where
Za = ♯Λ(dφa)












































Using the above results, one can easily prove the following characteriza-
tion of a Legendrian submanifold.
Proposition 2. Let (M, η) be a contact manifold of dimension 2n + 1. A
submanifold N of M is Legendrian if and only if it is a maximal integral
manifold of ker η (and then it has dimension n).
Consider a function f : Q × R and let ηQ = dz − ρ∗θQ the canonical
contact structure on T ∗Q × R. Here ρ : T ∗Q × R −→ T ∗Q is the canon-
ical projection, and θQ is the canonical Liouville form on T ∗Q. In bundle
coordinates (qi, pi, z), we have
ηQ = dz − pi dq
i
so that (qi, pi, z) are Darboux coordinates.








Then, one immediately checks that j1f(Q) is a Legendrian submanifold
of (T ∗Q× R, ηQ). Moreover, we have
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Proposition 3. A section γ : Q −→ T ∗Q × R of the canonical projection
T ∗Q×R −→ Q is a Legendrian submanifold of (T ∗Q×R, ηQ) if and only if
γ is locally the 1-jet of a function f : Q −→ R.
Remark 3. The above result is the natural extension of the well-known fact
that a section σ of the cotangent bundle πQ : T ∗Q −→ Q is a Lagrangian
submanifold with respect to the canonical symplectic structure ωQ = −dθQ
on T ∗Q if and only if σ is a closed 1-form (and hence, locally exact).
4 The Hamilton-Jacobi equations
4.1 The Hamilton-Jacobi equations for a Hamiltonian
vector field
We consider the extended phase space T ∗Q×R, and a Hamiltonian function


























Recall that we have local canonical coordinates {qi, pi, z}, i = 1, . . . , n such
that the one-form is ηQ = dz − ρ∗θQ, θQ being the canonical 1-form on T ∗Q,
can be locally expressed as follows






(T ∗Q× R, η) is a contact manifold with Reeb vector field R = ∂
∂z
.
Consider the Hamiltonian vector field XH for a given Hamiltonian func-
tion, say
XH = ♯Λ(dH) +HR. (14)





































♭̄(XH) = dH − (R(H) +H)η,
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where ♭ is the isomorphism previously defined. We also have that
η(XH) = −H. (16)
Recall that (T ∗Q × R,Λ,R) is a Jacobi manifold with Λ given in the usual
































for all i = 1, . . . , n.
Consider γ a section of π : T ∗Q × R → Q × R, i.e., π ◦ γ = idQ×R. We
can use γ to project XH on Q× R just defining a vector field X
γ
H on Q× R
by
XγH = Tπ ◦XH ◦ γ. (18)










XγH // T (Q× R)
Assume that in local coordinates we have
(qi, z) 7→ γ(qi, z) = (qi, γj(q
i, z), z)


































Therefore, from (15) and (19), we have that


























1. γ(Q× R) is a coisotropic submanifold of (T ∗Q× R, ηQ);
2. γz(Q) is a Lagrangian submanifold of (T ∗Q, ωQ), for any z ∈ R, where
γz(q) = ρ ◦ γ(q, z).
Notice that the above two conditions imply that γ(Q × R) is foliated
by Lagrangian leaves γz(Q), z ∈ R.
We will discuss the consequences of the above conditions. The submani-
fold γ(Q× R) is locally defined by the functions
φi = pi − γi = 0



















































We can write down eq (24) in a more friendly way. First of all, consider






























Therefore, eq (24) is equivalent to
d(H ◦ γz) + γo(γ
∗θQ)− (H ◦ γ)(i ∂
∂z
(d(γ∗θQ))) = 0. (25)
Theorem 1. Assume that a section γ of the projection T ∗Q×R −→ Q×R
is such that γ(Q × R) is a coisotropic submanifold of (T ∗Q × R, ηQ), and
γz(Q) is a Lagrangian submanifold of (T
∗Q, ωQ), for any z ∈ R. Then, the
vector fields XH and X
γ
H are γ-related if and only if (24) holds (equivalently,
(25) holds).
Equations (24) and (25) are indistinctly referred as a Hamilton–Jacobi
equation with respect to a contact structure. A section γ fullfilling the as-
sumptions of the theorem and the Hamilton-Jacobi equation will be called a
solution of the Hamilton–Jacobi problem for H .
Remark 4. Notice that if γ is a solution of the Hamilton–Jacobi problem for
H , then XH is tangent to the coisotropic submanifold γ(Q × R), but not
necesarily to the Lagrangian submanifolds γz(Q), z ∈ R. This occurs when
XH(z − z0) = 0
for any z0, that is, if and only if
H ◦ γz0 = γi
∂H
∂pi
In such a case, we call γ an strong solution of the Hamilton–Jacobi problem.
A characterization of conditions on the submanifolds γ(TQ×R), γz(TQ)
can be given as follows. Let σ : Q× R → Λk(T ∗Q) be a z-dependent k-form
on Q. Let dQσ be the exterior derivative at fixed z, that is
dQσ(q
i, z) = dσz(q
i), (26)












where f : Q × R → R is a function and α = αidqi : Q × R → Λ1(T ∗Q) is a
z-dependent 1-form.
Theorem 2. Let γ be a section of T ∗Q×R over Q×R. Then γ(Q×R) is a
coisotropic submanifold and γz0(TQ) are Lagrangian submanifolds for all z0
if and only if dQγ = 0 and L∂/∂zγ = σγ for some function σ : Q × R → R.





Proof. Fix z0 ∈ R, then, γz0(Q) is Lagrangian if and only if γz0 is closed,
hence dγz0 = 0, so all γz0(Q) are Lagrangian if and only if dQγ = 0. By the
Poincaré Lemma, locally γ = dQf ,
Now also assume that γ(Q × R) is coisotropic. Then, equation (23) can
be written as
γ ∧ L∂/∂zγ = 0, (28)
or, equivalently, that γ and L∂/∂zγ are proportional.





Next, we shall discuss the notion of complete solutions of the Hamilton–
Jacobi problem for a Hamiltonian H .
Definition 4. A complete solution of the Hamilton–Jacobi equation for a
Hamiltonian H is a diffeomorphism Φ : Q × R × Rn → T ∗Q × R such that
for any set of parameters λ ∈ Rn, λ = (λ1, . . . , λn), the mapping
Φλ : Q× R → T
∗Q× R
(qi, z) 7→ Φλ(q
i, z) = Φ(qi, z, λ)
(29)
is a solution of the Hamilton–Jacobi equation. If, in addition, any Φλ is
strong, then the complete solution is called an strong complete solution.
We have the following diagram









where we define functions fi such that for a point p ∈ T ∗Q×R, it is satisfied
fi(p) = πi ◦ α ◦ Φ
−1(p). (30)
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and α : Q× R× Rn → Rn is the canonical projection.
The first immediate result is that





where λ = (λ1, · · · , λn). In other words,
Im Φλ = {x ∈ T
∗Q× R | fi(x) = λi, i = 1, · · · , n}
Therefore, since XH is tangent to any of the submanifolds Im Φλ, we deduce
that
XH(fi) = 0
So, these functions are conserved quantities.
Moreover, we can compute
{fi, fj} = Λ(dfi, dfj)− fiR(fj) + fjR(fi)
But
Λ(dfi, dfj) = ♯Λ(dfi)(fj) = 0
since (T ImΦλ)⊥ = ♯Λ((T ImΦλ)o) ⊂ T ImΦλ, so
{fi, fj} = −fiR(fj) + fjR(fi) (31)
Theorem 3. There exist no linearly independent commuting set of first-
integrals in involution (44) for a complete strong solution of the Hamilton–
Jacobi equation on a contact manifold.
Proof: If all the particular solutions are strong, then the Reeb vector
field R will be transverse to the coisotropic submanifold Φλ(Q×R). Indeed,
if R is tangent to that submanifold, we would have
R(pi − (Φλ)i) = −
∂(Φλ)i
∂z
where Φλ(qi, z) = (qi, (Φλ)i, z). So, Φλ does not depend on z, hence it cannot
be a diffeomorphism.
Therefore, if the brackets {fi, fj} vanish, then we woul obtain that the
functions fi cannot be linearly independent. Indeed, we should have
fiR(fj) = fjR(fi)
for all i, j. But this would imply that fi and fj are linearly dependent in the
case λ = (0, . . . , 0).

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4.1.2 An alternative approach
Instead of considering sections of π : T ∗Q × R −→ Q × R as above, we
could consider a section of the canonical projection π : T ∗Q× R −→ Q, say
γ : Q → T ∗Q× R.
In local coordinates, we have
(qi) 7→ γ(qi) = (qi, γj(q
i), γz(q
i))
We want γ to fulfill
XH ◦ γ = Tγ ◦X
γ
H , (32)





































































γ̃ = ρ ◦ γ
is a 1-form on Q. Then, we locally have γ̃ = γi(q) dqi.
Next, we assume that γ(Q) is a Legendrian submanifold of (T ∗Q×R, ηQ).
This implies that γ̃(Q) is a Lagrangian submanifold of (T ∗Q, ωQ).
By Proposition 3, γ(Q) is a Legendrian submanifold if and only if it is
locally the 1-jet of a function, namely γ = j1γz, where we consider γz as a





If we assume that the section γ fulfills the above condition, we can see
that equations (33) become
H ◦ γ = 0. (36)
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Definition 5. Assume that a section γ such that γ(Q) is a Legendrian
submanifold of (T ∗Q × R, ηQ) and γ̃(Q) is a Lagrangian submanifold of
(T ∗Q, ωQ). Then γ is called a solution of the Hamilton-Jacobi problem for
the contact Hamiltonian H if and if equation (36) holds.
We could discuss the existence of complete solutions in a similar manner
to the case of the Hamiltonian vector field. We omit the details that are left
to the reader.
4.2 The Hamilton-Jacobi equations for the evolution
vector field
4.2.1 A first approach
Assume that EH is the evolution vector field defined for a Hamiltonian func-






















Assume that γ is a section of the canonical projection π : T ∗Q × R −→
Q× R, say γ : Q× R → T ∗Q× R.
In local coordinates we have
(qi, z) 7→ γ(qi) = (qi, γj(q
i), z)
Therefore, we can define the projected evolution vector field
EγH = Tπ ◦ EH ◦ γ.
We have that EH ◦ γ = Tγ(E
γ


















1. γ(Q× R) is a coisotropic submanifold of (T ∗Q× R, ηQ);
2. γz(Q) is a Legendrian submanifold of (T ∗Q × R, ηQ), for any z ∈ R,
where γz(q) = γ(q, z).
Then, a direct computation shows that (38) becomes
d(H ◦ γ) + γo γ











Theorem 4. Assume that a section γ of the projection T ∗Q×R −→ Q×R
is such that γ(Q × R) is a coisotropic submanifold of (T ∗Q × R, ηQ), and
γz(Q) is a Legendrian submanifold of (T
∗Q × R, ηQ), for any z ∈ R. Then,
the vector fields EH and E
γ
H are γ-related if and only if (39) holds.
Equation (39) is referred as a Hamilton–Jacobi equation for the evolution
vector field. A section γ fullfilling the assumptions of the theorem and the
Hamilton-Jacobi equation will be called a solution of the Hamilton–Jacobi
problem for the evolution vector field of H .
4.2.2 An alternative approach
We will maintain the notations of the previous subsection, but now γ is a
section of the canonical projection π : T ∗Q×R −→ Q, say γ : Q → T ∗Q×R.
In local coordinates we have
(qi) 7→ γ(qi) = (qi, γj(q
i), γz(q
i))
As in the above sections, we define the projected evolution vector field
EγH = Tπ ◦ EH ◦ γ.
A direct computation shows that EH ◦ γ = Tγ(E
γ




















If we assume that γ = j1f , for some function f : Q −→ R (or, equiva-




and so (40) is fulfilled and (40) becomes
d(H ◦ γ) = 0. (42)
Remark 5. Notice that f and γz define (locally) the same 1-jet.
Therefore, we have the following.
Theorem 5. Assume that a section γ of the projection T ∗Q×R → Q is such
that γ(Q) is a Legendrian submanifold of (T ∗Q × R, ηQ). Then, the vector
fields EH and E
γ
H are γ-related if and only if (42) holds.
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Equation (42) is referred as a Hamilton–Jacobi equation for the evolution
vector field. A section γ fullfilling the assumptions of the theorem and the
Hamilton-Jacobi equation will be called a solution of the Hamilton–Jacobi
problem for the evolution vector field of H .
4.2.3 Complete solutions
As in the case of the Hamiltonian vector field, we can consider complete
solutions for the evolution vector field.
Definition 6. A complete solution of the Hamilton–Jacobi equation for the
evolution vector field EH of a Hamiltonian H on a contact manifold (M, η)
is a diffeomorphism Φ : Q × R × Rn → T ∗Q × R such that for any set of
parameters λ = (λ0, λ1, . . . , λn) ∈ R× Rn, the mapping
Φλ : Q → T
∗Q× R
(qi) 7→ Φλ(q
i) = Φ(qi, λ0, λ1, . . . , λn)
(43)
is a solution of the Hamilton–Jacobi equation.
For simplicity, we will use the notation (λα , α = 0, 1, . . . , n).
As in the previous case, we define functions fα such that for a point
p ∈ T ∗Q× R, it is satisfied
fα(p) = πα ◦ Φ
−1(p). (44)
where πα : Q× R× Rn → R is the canonical projection onto the α factor.
A direct computation shows that






Im Φλ = {x ∈ T
∗Q× R | fα(x) = λα, α = 0, · · · , n}
Therefore, since under our hypthesis, EH is tangent to any of the submanifolds
Im Φλ, we deduce that
EH(fα) = 0
So, these functions are conserved quantities for the evolution vector field.
Moreover, we can compute
{fα, fβ} = Λ(dfα, dfβ)− fαR(fβ) + fβR(fα)
But
Λ(dfα, dfβ) = ♯Λ(dfα)(fβ) = 0
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since (T ImΦλ)⊥ = T ImΦλ, so
{fα, fβ} = −fαR(fβ) + fβR(fα) (45)
Theorem 6. There exist no linearly independent commuting set of first-
integrals in involution (44) for a complete solution of the Hamilton–Jacobi
equation for the evolution vector field.
Proof: Since the images of the sections are Legendrian then they are
integral submanifolds of ker ηQ. So, the Reeb vector field R will be transverse
to them, and consequently, there is at least some index α0 such that
R(fα0) 6= 0
Therefore, if all the brackets {fα, fβ} vanish, then we woul obtain that
the functions fα cannot be linearly independent.

5 Symplectification of the Hamilton-Jacobi equa-
tion
5.1 Homogeneous Hamiltonian systems and contact sys-
tems
There is a close relationship between homogeneous symplectic and contact
systems, see for example [20, 28]. Here we briefly recall some facts about the
symplectification of cotangent bundles.
For any manifold M a function F : T ∗M → R is said to be homogeneous
if, for any pq ∈ T ∗pM , we have F (λpq) = λF (pq) for any λ ∈ R. In this
situation the function F can be projected to the projective bundle P(T ∗M)
over M obtained by projectivization of every cotangent space. We are in-
terested in the case that M = Q× R, with natural coordinates (qi, z, Pi, Pz)
on T ∗(Q×R). We note that this definition can be generalized to any vector
bundle.
Let H̃ be an homogeneous Hamiltonian function on T ∗(Q× R). Locally,
we have that H̃(qi, z, λPi, λPz) = λH̃(qi, z, Pi, Pz), for all λ ∈ R. Equiva-
lently, one can write
H̃(qi, z, Pi, Pz) = −Pz H(q
i,−Pi/Pz, z), (46)
for Pz 6= 0, where H : T ∗Q × R → R, H(qi, pi, z) = H̃(qi, z, pi,−1) is well
defined.
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With the above changes, we have identified the manifold T ∗Q×R as the
projective bundle P(T ∗(Q × R)) of the cotangent bundle T ∗(Q × R) taking
out the points at infinity, that is the subset defined by {Pz = 0}.
Following [28, Section 4.1], the map
Φ : T ∗(Q× R) \ {Pz = 0} → T
∗Q× R
(qi, z, Pi, Pz) 7→ (q
i,−Pi/Pz, z) = (q
i, pi, z),
(47)
sends the Hamiltonian symplectic system (T ∗(Q × R) \ {Pz = 0}, ωQ×R, H̃)
onto the Hamiltonian contact system (T ∗Q×R, ηQ, H), where ωQ×R = dqi ∧
dPi + dz ∧ dPz and ηQ = dz− pidqi are the canonical symplectic and contact
forms, respectively. Observe that the natural coordinates of T ∗Q×R, denoted
by (qi, pi, z), correspond to the homogeneous coordinates in the projective
bundle. In fact, the map Φ is projectivization up to a minus sign; i.e., the
map that sends each point in the fibers of T ∗(Q×R) to the line that passes
through it and the origin.
The map Φ satisfies H̄ = −PzΦ∗(H) and ωQ = −d(PzΦ∗(ηQ))
It can be shown that Φ provides a bijection between conformal contac-
tomorphisms and homogeneous symplectomorphisms. Moreover, Φ maps
homogeneous Lagrangian submanifolds L ⊆ T ∗(Q×R) onto Legendrian sub-
manifolds L = Φ(L) ⊆ T ∗Q × R. Indeed, if L is homogeneous, then L is
Legendrian if and only if L is Lagrangian. Moreover, the Hamilton equations
for H̃ are transformed into the Hamilton equations for H , i.e., Φ∗XH̃ = XH .
See [28] for more details on this topics.
We also remark that this construction is symplectomorphic to the sym-
plectification defined in [20], which is given by
(T ∗Q× R× R, ω = e−t(dηQ + ηQ ∧ dt) = d(e
−tηQ))
where t is the (global) coordinate of the second R factor with the “symplec-
tified” Hamiltonian H̃ ′ = etH setting and then project it to the original
contact manifold. That is, H̃ ′ such that
(pr1)∗XH̃′ = XH , (48)
where pr1 : T ∗Q × R × R → T ∗Q × R is the projection onto the first two
factors.
The following map provides the symplectomorphism
Ψ : T ∗(Q× R) ∩ {Pz < 0} → T
∗Q× R× R
(qi, z, Pi, Pz) → (q




that is, Ψ = (Φ,− log(−Pz). This map is a symplectomorphism that maps
H̄ onto H̄ ′. Moreover it is a fiber bundle automorphism over TQ× R







5.2 Relations for the Hamilltonian vector field
Now we will establish a relationship between solutions to the Hamilton–Jacobi
problem in both scenarios. Suppose that
γ̃ : Q× R → T ∗(Q× R)
(qi, z) 7→ (qi, γ̃j(q
i, z), z, γ̃t(q
i, z))
is a solution of the symplectic Hamilton-Jacobi equation, i.e., γ̃(Q × R) is
Lagrangian and
d(H̃ ◦ γ̃) = 0,
or equivalently
T γ̃ ◦X γ̃
H̃
= XH̃ ◦ γ̃,
where X γ̃
H̃
= Tp◦XH̃◦γ̃ is the projected vector field and p : T
∗(Q×R) → Q×R
the canonical projection. We want to use the solution γ̃ of the Hamilton-
Jacobi problem in the symplectification (which we will often refer to as
“symplectic solution”) to obtain a section that is a solution in the contact
setting (“contact solution”, for simplicity). We assume γ̃t(qi, z) 6= 0 and take
γ = Φ ◦ γ̃ : Q× R → T ∗Q× R. In local coordinates











We can summarize the situation in the following commutative diagram:
Q× R T ∗(Q× R) T ∗Q× R


















We note that the projected vector fields X γ̃
H̃
and XγH coincide. The dashed
lines of T γ̃ (resp. Tγ) commute if and only if γ̃ is a symplectic solution (resp.
γ is a contact solution) of the Hamilton-Jacobi problem.
Lemma 1. Let H be a Hamiltonian and H̃ its symplectified version. Assume
γ̃t(q
i, z) 6= 0. Then γ̃ is a symplectic solution, or, equivalently, X γ̃
H̃
and XH̃
are γ̃-related if and only if XγH and XH are γ-related.
Proof. Assume that X γ̃
H̃
and XH̃ are γ̃-related. Then, by the commutativity
of the diagram (51) we see that XγH and XH are γ-related.
Conversely, assume that XγH and XH are γ-related. Let Pz ∈ R \ {0} and
let
ξ : T ∗Q× R → T ∗(Q× R)




We note that ξP is the inverse of Φ along the submanifold {Pz = γt} ⊆
T ∗(Q×R). In particular γ̃ = ξ ◦γ. Looking at the diagram (51), this implies
that X γ̃
H̃
and XH̃ are γ̃-related.
Lemma 2. Assume that the image of γ̃ = (γ̃Q, γ̃t) is Lagrangian. Then the
image of γ is coisotropic and the images of γz0 are Lagrangian if and only if
dQγ̃Q = τγQ for some function τ : Q× R → R.
Conversely, if the image of γ is coisotropic and the images of γz0 are
Lagrangian, then we can choose γ̃t so that the image of γ̃ is coisotropic. It
is given by γ̃t = ± exp(g), where g is a solution to the PDE
dQg + γL∂/∂zg = −L∂/∂zγ. (53)
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Proof. Let γ̃ = (γ̃Q, γ̃t) be such that its image is Lagrangian. That is, dγ̃ = 0.
Splitting the part in Q and in R, we see that this is equivalent to
L∂/∂zγ̃Q = dQγ̃t, dQγ̃Q = 0. (54)









(L∂/∂zγ) ∧ γ = −









hence the images of γz0 are Lagrangian and the image of γ is coisotropic if
and only if L∂/∂z(γ̃Q) is proportional to γ̃Q.
Conversely, assume that γ satisfies dQγ = 0 and L∂/∂zγ = σγ. We must
find γ̃t so that (54) are satisfied. Since γ̃Q = −γ̃tγ, we have that (54) are
equivalent to
L∂/∂z(γ̃Q) = −(L∂/∂zγ̃t + σγ̃t) ∧ γ = dQγ̃t (57)
dQ(γQ) = −dQγ̃t ∧ γ = 0. (58)
A solution for γ̃t on the first equation above clearly solves the second one.
Since we look for nonvanishing γ̃t, we let g = log ◦|γ̃t| so that is just














we note that this vector fields commute, indeed






= σγiγj − σγjγi = 0. (62)






























Combining the last two results, we obtain a correspondence between sym-
plectic and contact solutions to the Hamilton–Jacobi problem.
Theorem 7. Let H be a Hamiltonian and H̃ its symplectified version. Then
γ̃ : Q × R → T ∗(Q × R) is a solution of the symplectic Hamilton-Jacobi
problem for H̃, if and only if γ = Φ ◦ γ̃ : Q × R → T ∗Q × R is a solution
of the contact Hamilton-Jacobi problem for H and dQγ̃Q = τγQ for some
function τ : Q× R → R.
Conversely, given a contact solution γ of the Hamilton-Jacobi equation,
there exists a symplectic solutions γ̃ such that γ̃ = ± exp(g), where g is a
solution to the PDE
dQg + γL∂/∂zg = −L∂/∂zγ. (64)
5.2.1 The alternative approach
For each z, we have sections γ = pr2 ◦ γ̃z : Q → T ∗Q × R of the form
(qi) 7→ (qi, γ̃j(q
i, z), γ̃t(q
i, z)), being pr2 : (qi, pi, z, t) 7→ (qi, pi, t). We know
that γ is a solution of the contact Hamilton-Jacobi problem if and only if
γ(Q) is Legendrian and
H ◦ γ = 0.





where we write γ(qi) = (qi, γj(qi), γz(qi)), which by definition of γ and using







and therefore γ̃i = ezg(qi), with gi functions depending only on the (qi). This
can be summarized as follows:
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Theorem 8. Suppose γ̃ : Q×R → T ∗(Q×R) is a solution of the symplectified
Hamilton-Jacobi problem. Then
γ : Q → T ∗Q× R
(qi) 7→ (qi, γ̃j(q
i, z), γ̃t(q
i, z))
is a solution of the contact Hamilton-Jacobi problem if and only if
H ◦ γ = 0 and γ̃i = e
zgi
5.3 Relations for the evolution vector field
We now consider the evolution field EH. First, note that
Tpr1 ◦XH̃ = (EH −HR) ◦ pr1
so that we cannot simply expect to project the vector field as before. In
fact, one can easily prove that under the assumption that the symplectified
Hamiltonian is of the form
H̃ = F (t, H),
then the associated vector field XH̃ such that iXH̃ω = dH will never verify
Tpr1 ◦XH̃ = EH ◦ pr1
We will now see that, despite this apparent obstruction, one can still
establish some relations. Let γ̃ : Q × R → T ∗(Q × R) be a solution of the
symplectified problem and define the section γ = pr2 ◦ γ̃z : Q → T ∗Q × R.
This will be a solution of the associated Hamilton-Jacobi problem for the
evolution field if and only if γ(Q) is Legendrian and
d(H ◦ γ) = 0.









On the other hand, we know that γ̃ is a solution of the symplectic problem
and therefore d(H̃ ◦ γ̃) = 0, which by definition means
e−γ̃t(q
i,z)H(qi, γ̃j(q
i, z), z) = C
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with C constant. Since γ(qi) = (qi, γ̃j(qi, z), γ̃t(qi, z)), using the previous
equation we obtain:
H ◦ γ = Ceγ̃t(−.γ̃t(−,z)).












which occurs if and only if at every point (qi) we have:







The functional form found for H ◦ γ tells us that it is either non-zero at
every point or it vanishes everywhere. If it does not vanish (everywhere), we
claim that the second equation must be true. Indeed, suppose the first two
equations do not hold. Then the third equation must be true not just at a
given point but in an open neighborhood and we would have
γ̃t = −z + h(q
i),











which would imply that h depends also on z. Therefore, if H ◦γ 6= 0 then the
second equation is true at every point. Using that γ̃(Q × R) is Lagrangian
we see this is equivalent to γ̃i = 0. Therefore we find:
Theorem 9. Let γ̃ : Q × R → T ∗(Q × R) be a solution of the symplectified
problem with γ̃i = e
zgi, where gi : Q → R, and consider the section
γ : Q → T ∗Q× R
(qi) 7→ (qi, γ̃j(q
i, z), γ̃t(q
i, z))
Then γ is a solution of the contact problem for the evolution field if and only
if one of the two following conditions is fulfilled:
1. H ◦ γ = 0,
2. γ̃i = 0.
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6 Examples
6.1 Particle with linear dissipation
Consider the Hamilltonian H
H(q, p, z) =
p2
2m
+ V (q) + λz, (65)
where λ ∈ R is a constant. The extended phase space is T ∗Q× R ≃ R3.










































Assume that γ : Q → T ∗Q × R is a section of the canonical projection
T ∗Q× R → Q, that is,
γ(q) = (q, γp(q), γz(q)). (68)






and EH and E
γ
H are γ-related if and only if
H ◦ γ = k, (70)











+ V (q) + λγz = k, (72)
which is a linear ordinary differential equation.
A general solution of the Hamilton–Jacobi equation (72) is then
γp(q) = exp(−2mλq)
∫
(2mk − 2mV (q)) exp(2mλq)dq. (73)
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6.2 Application to thermodynamic systems
We consider thermodynamic systems in the so called energy representation.
Hence the thermodynamic phase space, representing the extensive variables,
is the manifold T ∗Q× R, equipped with its canonical contact form
ηQ = dU − p
idqi. (74)
The local coordinates on the configuration manifold Q are (qi, U), where U
is the internal energy and qi’s denote the rest of extensive variables. Other
variables, such as the entropy, may be chosen instead of the internal energy,
by means of a Legendre transformation.
The state of a thermodynamic system always lies on the equilibrium
submanifold L ⊆ T ∗Q × R, which is a Legendrian submanifold. The pair
(T ∗Q×R,L) is a thermodynamic system. The equations (locally) defining L
are called the state equations of the system.
On a thermodynamic system (T ∗Q×R,L), one can consider the dynamics
generated by a Hamiltonian vector field XH associated to a Hamiltonian
H . If this dynamics represents quasistatic processes, meaning that at every
time the system is in equilibrium, that is, its evolution states remain in the
submanifold L, it is required for the contact Hamiltonian vector field XH to
be tangent to L. This happens if and only if H vanishes on L.
Using Hamilton-Jacobi theory, one sees that a section γ satisfied Hcircγ =
0 if and only if XγH and XH are γ-related.
6.2.1 The classical ideal gas
This example is fully described in [17].
The classical ideal gas is described by the following variables.
• U : internal energy,
• T : temperature,
• S: entropy,
• P : pressure,
• V : volume,
• µ: chemical potential,
• N : mole number.
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Thus, the thermodynamic phase space is T ∗R3 × R and the contact 1-form
is
η = dU − TdS + PdV − µdN (75)
The Hamilltonian function is
H = TS −RNT + µN − U, (76)
where R is the constant of ideal gases. The Reeb vector field is R = ∂
∂U
.
The Hamilltonian and evolution vector fields are just

































The Hamilonian vector field here represents an isochoric and isothermal pro-
cess on the ideal gas.
Assume that γ : R3 → T ∗R3 × R is the section locally given by
γ(S, V,N) = (S, V,N, γT , γP , γµγU). (79)














The Hamilton–Jacobi equation is
(H ◦ γ)(S, V,N) = (S − RN)γT +Nγµ − γU = k, (80)
for some k ∈ R. That is,






− γU = k. (81)
This is a first order linear PDE, whose solution is given by





−S2 + (−7N + S)2

+F (−S2+(RN−S)2, V ),
(82)
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with F : R2 → R an arbitrary function. The case k = 0, which is the one
relevant for the thermodynamic interpretation, is given by
γU(S, V,N) = F (−S
2 + (RN − S)2, V ). (83)
Acknowledgements
We acknowledge the financial support from the MINECO Grant PID2019-
106715GB-C21. Manuel Laínz wishes to thank MICINN and ICMAT for
a FPI-Severo Ochoa predoctoral contract PRE2018-083203. Álvaro Muñiz
thanks ICMAT for the “Grant Programme Severo Ochoa – ICMAT: Intro-
duction to Research 2020” and Fundación Barrié for its fellowship for post-
graduate studies.
References
[1] R. Abraham, J. E. Marsden: Foundations of Mechanics. Vol. 36. Read-
ing, Massachusetts: Benjamin/Cummings Publishing Company, 1978.
[2] C. Albert: Le théorème de réduction de Marsden-Weinstein en géométrie
cosymplectique et de contact, Journal of Geometry and Physics. 6,
627–649 (1989)10.1016/0393-0440(89)90029-6.
[3] V. I. Arnold: Mathematical methods of classical mechanics 2nd
ed,Graduate Texts in Mathematics 60. Springer, New York, 1997.
[4] M. Barbero-Liñán, M. de León, D. Martín de Diego: Lagrangian sub-
manifolds and the Hamilton–Jacobi equation.’ Monatshefte für Mathe-
matik 171.3-4 (2013): 269-290.
[5] A. Bravetti: Contact Hamiltonian Dynamics: The Concept and Its Use.
Entropy 19(12):535. doi:10.3390/e19100535.
[6] A. Bravetti, M. de León, J.C. Marrero, E. Padrón: Invariant measures
for contact Hamiltonian systems: symplectic sandwiches with contact
bread. Journal of Physics A: Mathematical and Theoretical 53.45 (2020):
455205.
[7] P. Cannarsa, W. Cheng, L. Jin, K. Wang, J. Yan: Herglotz’ variational
principle and Lax-Oleinik evolution. J. Math. Pures Appl. (9) 141 (2020),
99–136.
31
[8] M. de León, M. Lainz–Valcázar: Contact Hamiltonian systems. Journal
of Mathematical Physics 60.10 (2019): 102902.
[9] M. de León, P. R. Rodrigues. Methods of Differential Geom-etry in An-
alytical Mechanics. Volume 158. Elsevier, Amsterdam, 2011.
[10] M. de León, M. Lainz–Valcázar: Infinitesimal symmetries in contact
Hamiltonian systems. Journal of Geometry and Physics (2020): 103651.
[11] M. de León, D. Martín de Diego, M. Vaquero: Hamilton-Jacobi theory
on Poisson manifolds. J. Geom. Mech. 6 (2014), no. 1, 121–140.
[12] M. de León, D. Martín de Diego, M. Vaquero: Hamilton–Jacobi theory,
symmetries and coisotropic reduction. Journal de Mathématiques Pures
et Appliquées 107.5 (2017): 591–614.
[13] M. de León, C. Sardón: Cosymplectic and contact structures for time-
dependent and dissipative Hamiltonian systems. Journal of Physics A:
Mathematical and Theoretical 50.25 (2017): 255205.
[14] M. de León, M. Lainz-Valcázar: A review on contact Hamiltonian and
Lagrangian systems. Rev. Acad. Canaria Cienc. (2021).
[15] T. Dereli, K. I. Unluturky: Hamilton-Jacobi Formulation of the Thermo-
dynamics of Einstein-Born-Infeld-AdS Black Holes. EPL (Europhysics
Letters), 125, 1 (2019) 10005.
[16] C. Godbillon: Géométrie différentielle et mécanique analytique. Her-
mann, Paris, 1969.
[17] A. Ghosh and C. Bhamidipati: Contact geometry and thermodynamics
of black holes in AdS spacetimes, Phys. Rev. D 100, 126020 (2019).
[18] S. Grillo, E. Padrón: Extended Hamilton–Jacobi theory, contact mani-
folds, and integrability by quadratures. Journal of Mathematical Physics
61.1 (2020): 012901.
[19] G. Herglotz: Beruhrungstransformationen, in Lectures at the Univer-sity
of Gottingen. 1930.
[20] R. Ibáñez, M. de León, J. C. Marrero, D. M. de Diego: Co-isotropic and
Legendre-Lagrangian submanifolds and conformal Jacobi morphisms.
Journal of Physics A: Mathematical and General 30.15 (1997): 5427.
32
[21] L. Jin, J. Zhang, K. Zhao: Smooth subsolutions of the discounted
Hamilton-Jacobi equations. arXiv:2007.10687
[22] A. A. Kirillov: Local Lie algebras. Akademiya Nauk SSSR i Moskovskoe
Matematicheskoe Obshchestvo Uspekhi Matematicheskikh Nauk. 31(4-
190):57–76, 1976.
[23] J. M. Lee. Introduction to Smooth Manifolds. Springer, New York, 2013.
[24] P. Libermann, Ch.M. Marle: Symplectic geometry and analytical me-
chanics. Mathematics and its Applications, 35. D. Reidel Publishing
Co., Dordrecht,1987.
[25] A. Lichnerowicz: Les variétés de Jacobi et leurs algèbres de Lie asso-
ciées. Journal de Mathématiques Pures et Appliquées. Neuvième Série.
57(4):453–488, 1978.
[26] A. A. Simoes, M de León, M. Lainz–Valcázar, D. M. de Diego: Contact
geometry for simple thermodynamical systems with friction. Proc. R.
Soc. A. 476 (2020), no. 2241, 20200244, 16 pp.
[27] A. A. Simoes, M de León, M. Lainz–Valcázar, D. M. de Diego: The
geometry of some thermodynamic systems. To appear in: Geometric
structures of Statistical Physics, Information Goemetry, and Learning,
Springer Proceedings in Mathematics & Statistics, Berlin, 2021.
[28] A. Van der Schaft, B. Maschke: Geometry of Thermodynamic Processes.
Entropy. 20(12), 925, 2017.
33
